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Appendices 

Appendix A: Proof of Equations (3.20) and (3.31)-(3.33) 

A.1  Proof of Equation (3.20) 

The average pairwise error probability of (3.19), P(d), can then be written as 
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A.2  Proof of Equation (3.31)-(3.33) 

From (3.30), I1, I2(j), I3 can be written as 
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𝑗∈Ω

 

=  1 − 𝑒𝑥𝑝  
−𝐴1

′

𝛾 𝑆𝐷
     

1

𝛾 𝑅𝑗 𝐷
𝑒𝑥𝑝  

−𝛾𝑅𝑗 𝐷

𝛾 𝑅𝑗 𝐷
 

𝐴2
′

0

𝑑𝛾𝑅𝑗 𝐷 

𝑗 ∈Ω

 

=  1 − 𝑒𝑥𝑝  
−𝐴1

′

𝛾 𝑆𝐷
    1 − 𝑒𝑥𝑝  

−𝐴2
′

𝛾 𝑅𝑗 𝐷
  

𝑗 ∈Ω

 

=  1 − 𝑒𝑥𝑝  
 1−2𝑅𝑐   𝐿′ +1 

𝛾 𝑆𝐷
   

 

 
 

1 − 𝑒𝑥𝑝  
 1−2

 
𝑅𝑐

1−𝛽
 
  𝐿′ +1 

𝛾 𝑅𝑗 𝐷
 

 

 
 

𝑗 ∈Ω ,  (A.4) 

and 

𝐼3 = 𝑃𝑟   1 + 𝛾𝑆𝐷 𝛽  1 +
1

 𝐿 + 1 
 𝛾𝑆𝐷 +  𝛾𝑅𝑚 𝐷

𝐿

𝑚 =1

  

 1−𝛽 

< 2𝑅𝑐   
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=  
1

𝛾 𝑆𝐷
𝑒𝑥𝑝  

−𝛾𝑆𝐷

𝛾 𝑆𝐷
 

𝐴1

0

𝑑𝛾𝑆𝐷  

.  ⋯    
1

𝛾 𝑅𝑚 𝐷
 

𝐿

𝑚 =1

𝐴2

0

𝐴2

0

𝑒𝑥𝑝  −  
𝛾𝑅𝑚 𝐷

𝛾 𝑅𝑚 𝐷

𝐿

𝑚 =1

  𝛾𝑅𝑚 𝐷

𝐿

𝑚 =1

 

=  1 − 𝑒𝑥𝑝  
−𝐴1

𝛾 𝑆𝐷
     

1

𝛾 𝑅𝑚 𝐷
𝑒𝑥𝑝  

−𝛾𝑅𝑚 𝐷

𝛾 𝑅𝑚 𝐷
 

𝐴2

0

𝑑𝛾𝑅𝑚 𝐷 

𝐿

𝑚 =1

 

=  1 − 𝑒𝑥𝑝  
−𝐴1

𝛾 𝑆𝐷
    1 − 𝑒𝑥𝑝  

−𝐴2

𝛾 𝑅𝑚 𝐷
  

𝐿

𝑚 =1

 

=  1 − 𝑒𝑥𝑝  
 1−2𝑅𝑐   𝐿+1 

𝛾 𝑆𝐷
   

 

 
 

1 − 𝑒𝑥𝑝  
 1−2

 
𝑅𝑐

1−𝛽
 
  𝐿+1 

𝛾 𝑅𝑚 𝐷
 

 

 
 

𝐿
𝑚=1 ,  (A.5) 

Appendix B: Proof of Equations (4.38) and (4.40) 

B.1  Proof of Equation (4.38) 

From (4.37), the CDF of Z, 𝑃𝑍(𝑧), is given by 

𝑃𝑍 𝑧 =
2𝑛𝑅

𝑧 𝛼𝛾 𝑆𝑅 𝛾 𝑅𝐷

  
𝑛𝑅 − 1

𝑖  
𝑛𝑅 −1
𝑖=0

 −1 𝑛𝑅−1−𝑖

 𝑛𝑅−𝑖
𝑒𝑥𝑝  −  

 𝑛𝑅 −𝑖 

𝛾 𝑆𝑅

+
1

𝛼𝛾 𝑅𝐷
 

1

𝑧
 𝐾1  

1

𝑧  
4 𝑛𝑅−𝑖 

𝛼𝛾 𝑆𝑅𝛾 
𝑅𝐷

 ,(B.1) 

Taking the derivative of (B.1) with respect to z and using the expression for the 

derivative of the modified Bessel function, given in [62] as 

 𝑧
𝑑

𝑑𝑧
𝐾𝑣 𝑧 + 𝑣𝐾𝑣 𝑧 = −𝑧𝐾𝑣−1 𝑧 . (B.2) 

yields (4.38). 

B.2  Proof of Equation (4.40) 

From (4.39), the PDF of 𝛾𝑆𝑅𝐷  is given by 
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𝑝𝛾𝑆𝑅𝐷
 𝛾𝑆𝑅𝐷  =

2𝛾𝑆𝑅𝐷 𝑛𝑅

 𝛼𝛾 𝑆𝑅𝛾 𝑅𝐷

  
𝑛𝑅 − 1

𝑖
 

𝑛𝑅−1

𝑖=0

 −1 𝑛𝑅 −1−𝑖

 𝑛𝑅 − 𝑖
 

. 𝑒𝑥𝑝  −  
 𝑛𝑅 − 𝑖 

𝛾 𝑆𝑅
+

1

𝛼𝛾 𝑅𝐷
 𝛾𝑆𝑅𝐷    

 𝑛𝑅 − 𝑖 

𝛾 𝑆𝑅
+

1

𝛼𝛾 𝑅𝐷
 𝐾1  𝛾𝑆𝑅𝐷 

4 𝑛𝑅 − 𝑖 

𝛼𝛾 𝑆𝑅𝛾 𝑅𝐷
   

  + 
4 𝑛𝑅−𝑖 

𝛼𝛾 𝑆𝑅 𝛾 𝑅𝐷
𝐾0  𝛾𝑆𝑅𝐷 

4 𝑛𝑅−𝑖 

𝛼𝛾 𝑆𝑅 𝛾 𝑅𝐷
  .  (B.3) 

The MGF of γSRD , ΨγSRD
 −s , can be shown as 

Ψ𝛾𝑆𝑅𝐷
 −𝑠 =  𝑝𝛾𝑆𝑅𝐷

 𝛾𝑆𝑅𝐷  𝑒𝑥𝑝 −𝑠𝛾𝑆𝑅𝐷  𝑑𝛾𝑆𝑅𝐷

∞

0

 

Ψ𝛾𝑆𝑅𝐷
 −𝑠 =

4𝑛𝑅

 𝛼𝛾 𝑆𝑅𝛾 𝑅𝐷

  
𝑛𝑅 − 1

𝑖
 

𝑛𝑅 −1

𝑖=0

 −1 𝑛𝑅−1−𝑖

 𝑛𝑅 − 𝑖
 

 .   
 𝑛𝑅 −𝑖 

𝛼𝛾 𝑆𝑅 𝛾 𝑅𝐷
𝑓1 𝑠, 𝑖 +

1

2
 
 𝑛𝑅−𝑖 

𝛾 𝑆𝑅
+

1

𝛼𝛾 𝑅𝐷
 𝑓2 𝑠, 𝑖  , (B.4) 

where 

𝑓1 𝑠, 𝑖 =  𝛾𝑆𝑅𝐷

∞

0

𝑒𝑥𝑝  −  
𝑛𝑅 − 𝑖

𝛾 𝑆𝑅
+

1

𝛼𝛾 𝑅𝐷
+ 𝑠 𝛾𝑆𝑅𝐷  𝐾0  𝛾𝑆𝑅𝐷  

4 𝑛𝑅 − 𝑖 

𝛼𝛾 𝑆𝑅𝛾 𝑅𝐷
 𝑑𝛾𝑆𝑅𝐷  

and 

𝑓2 𝑠, 𝑖 =  𝛾𝑆𝑅𝐷

∞

0

𝑒𝑥𝑝  −  
𝑛𝑅 − 𝑖

𝛾 𝑆𝑅
+

1

𝛼𝛾 𝑅𝐷
+ 𝑠 𝛾𝑆𝑅𝐷  𝐾1  𝛾𝑆𝑅𝐷  

4 𝑛𝑅 − 𝑖 

𝛼𝛾 𝑆𝑅𝛾 𝑅𝐷
 𝑑𝛾𝑆𝑅𝐷  

Using [62] we obtain the result in (4.40). 
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Appendix C: Proof of Equations (5.27) and (5.35) 

C.1  Proof of Equation (5.27) 

From (5.26), the average pairwise error probability, P(d), is given by 

𝑃 𝑑 =
1

𝜋
 

 

 
 
 
 
 
 

1 +
𝑔𝑃𝑆𝐾

sin
2𝜃

 

 
 
 
 
 

𝑅𝐶2
𝑑2𝛼  

𝐸𝑅𝐷
𝑁0

 

1 +
𝑅𝐶2

  1 − 𝛼  
𝐸𝑆𝐷

𝑁0
 + 𝛼  

𝐸𝑅𝐷
𝑁0

  

𝑘𝑝  
𝐸𝑝

𝑁0
  

 
 
 
 
 

 

 
 
 
 
 
 

−1

 𝑀−1 𝜋
𝑀

0

 

.

 

  
 

1 +
𝑔𝑃𝑆𝐾

sin
2𝜃

 

 
 𝑅𝐶1𝑑1 

𝐸𝑆𝐷
𝑁0

 

 1+
𝑅𝐶1

 
𝐸𝑆𝐷
𝑁0

 

𝑘𝑝  
𝐸𝑝
𝑁0

 
 

+
𝑅𝐶2 𝑑2 1−𝛼  

𝐸𝑆𝐷
𝑁0

 

1+
𝑅𝐶2

  1−𝛼  
𝐸𝑆𝐷
𝑁0

 +𝛼 
𝐸𝑅𝐷
𝑁0

  

𝑘𝑝  
𝐸𝑝
𝑁0

  

 
 

 

  
 

−1

𝑑𝜃.  (C.1) 

From (C.1), the average pairwise error probability can be shown as 

𝑃 𝑑 =
1

𝜋
  1 +

𝐴 𝑑 

sin
2𝜃

 

−1

 1 +
𝐵 𝑑 

sin
2𝜃

 

−1

 𝑀−1 𝜋
𝑀

0

𝑑𝜃 

=
1

𝜋
  

sin
2𝜃

sin
2𝜃 + 𝐴 𝑑 

  
sin

2𝜃

sin
2𝜃 + 𝐵 𝑑 

 

 𝑀−1 𝜋
𝑀

0

𝑑𝜃 

=
1

𝜋
  1 −

𝐴 𝑑 

sin
2𝜃 + 𝐴 𝑑 

  1 −
𝐵 𝑑 

sin
2𝜃 + 𝐵 𝑑 

 

 𝑀−1 𝜋
𝑀

0

𝑑𝜃 

𝑃 𝑑 =
1

𝜋
  1 −

𝐴 𝑑 

sin
2𝜃+𝐴 𝑑 

−
𝐵 𝑑 

sin
2𝜃+𝐵 𝑑 

+
𝐴 𝑑 𝐵 𝑑 

(sin
2𝜃+𝐴(𝑑))(sin

2𝜃+𝐵(𝑑))
 

 𝑀 −1 𝜋

𝑀
0

𝑑𝜃,  (C.2) 

Applying a partial fraction expansion into the last term of (C.2), the average 

pairwise error probability, 𝑃(𝑑), is given by 
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𝑃 𝑑 =
1

𝜋
  1 −

𝐴 𝑑 

 sin
2𝜃 + 𝐴 𝑑  

−
𝐵 𝑑 

 sin
2𝜃 + 𝐵 𝑑  

+
𝐵 𝑑 

 𝐵 𝑑 − 𝐴 𝑑  

𝐴 𝑑 

 sin
2𝜃 + 𝐴 𝑑  

 

 𝑀−1 𝜋
𝑀

0

 

 +
𝐴 𝑑 

 𝐴 𝑑 − 𝐵 𝑑  

𝐵 𝑑 

 sin
2𝜃 + 𝐵 𝑑  

 𝑑𝜃 

=
1

𝜋
  1 +

𝐴 𝑑 

 𝐵 𝑑 −𝐴 𝑑  

𝐴 𝑑 

 sin
2𝜃+𝐴 𝑑  

+
𝐵 𝑑 

 𝐴 𝑑 −𝐵 𝑑  

𝐵 𝑑 

 sin
2𝜃+𝐵 𝑑  

 
 𝑀 −1 𝜋

𝑀
0

𝑑𝜃.  (C.3) 

Using [62] we obtain the result in (5.27). 

C.2  Proof of Equation (5.35) 

From (5.34), the average pairwise error probability is given by 

𝑃 𝑑 =

 

 
 1

𝜋
  1 +

𝐶 𝑑 

sin
2𝜃1

 

−1

 𝑀−1 𝜋
𝑀

0

𝑑𝜃1

 

 
 

 

 
 1

𝜋
  1 +

𝐷 𝑑 

sin
2𝜃2

 

−1

 𝑀−1 𝜋
𝑀

0

𝑑𝜃2

 

 
 

 

+

 

 
 

1 −
1

𝜋
  1 +

𝐷 𝑑 

sin
2𝜃1

 

−1

 𝑀−1 𝜋
𝑀

0

𝑑𝜃1

 

 
 

 

 .  
1

𝜋
  1 +

𝐴 𝑑 

sin
2𝜃2

 
−1

 1 +
𝐵 𝑑 

sin
2𝜃2

 
−1 𝑀 −1 𝜋

𝑀
0

𝑑𝜃2 , (C.4) 

The average pairwise error probability, P (d), can be written as 

𝑃 𝑑 =

 

 
 1

𝜋
  1 −

𝐶 𝑑 

sin
2𝜃1 + 𝐶 𝑑 

 

 𝑀−1 𝜋
𝑀

0

𝑑𝜃1

 

 
 

 

.

 

 
 1

𝜋
  1 −

𝐷 𝑑 

sin
2𝜃2 + 𝐷 𝑑 

 

 𝑀−1 𝜋
𝑀

0

𝑑𝜃2
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+

 

 
 

1 −
1

𝜋
  1 −

𝐷 𝑑 

sin
2𝜃1 + 𝐷 𝑑 

 

 𝑀−1 𝜋
𝑀

0

𝑑𝜃1

 

 
 

 

.  
1

𝜋
  1 −

𝐴 𝑑 

 sin
2𝜃2+𝐴 𝑑  

  1 −
𝐵 𝑑 

 sin
2𝜃2+𝐵 𝑑  

 𝑑𝜃2

 𝑀−1 𝜋

𝑀
0

 .  (C.5)  

Applying a partial fraction expansion into the last term of (C.5) and using [62] 

we obtain the result in (5.35). 
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